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Abstract
Redshift-space distortions as a probe of dark energy
by Liesbeth-Helena Gouws
Master of Science
Department of Physics
University of the Western Cape
We begin by finding a system of di↵erential equations for the background and linearly
perturbed variables in the standard, ⇤CDM model, using the Einstein Field Equations,
and then solving these numerically. Later, we extend this to dynamical dark energy
models parameterised by an equation of state, w, and a rest frame speed of sound, cs.
We pay special attention to the large-scale behaviour of  m, the gauge invariant, co-
moving matter density, since the approximation  m '  m, where  m is the longitudinal
gauge matter density, is more commonly used, but breaks down at large scales. We
show how the background is a↵ected by w only, so measurements of perturbations are
required to constrain cs. We examine how the accelerated expansion of the universe,
caused by dark energy, slows down the growth rate of matter. We then show the the
matter power spectrum is not in itself useful for constraining dark energy models, but
how redshift-space distortions can be used to extract the growth rate from the galaxy
power spectrum, and hence how redshift-space power spectra can be used to constrain
di↵erent dark energy models. We find that on small scales, the growth rate is more
dependent on w, while on large scales, it depends more on cs.
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Chapter 1
Introduction
Standard cosmology is based on the premise, often called the Cosmological Principle,
that the universe, at each fixed cosmic time, is homogeneous, namely that all points are
the same, and isotropic, meaning that there is no preferred direction. This only applies
on cosmological scales, greater than about 100 Mpc, as our very existence, and that
of stars, galaxies, and even clusters, clearly contradicts this. However, due to the fact
that the universe is nearly smooth at large scales, one can accurately describe many of
its properties by average quantities, such as average energy densities of di↵erent com-
ponents of the universe, how fast the universe is expanding, and whether or not the
universe is flat, open, or closed. These characterize what is known as the background.
On scales where the Cosmological Principle is satisfied, deviations from the background,
known as perturbations, describe how much an energy component clumps, peculiar ve-
locities of components, and the gravitational potential, or the curvature of space due
to matter. We will start o↵ by describing the Friedmann-Lemaˆıtre-Robertson-Walker
model of the background.
1.1 FLRW Background
In essence, when we study the background in cosmology, we look at two things: the
Hubble rate, and the energy densities of the various components of the universe. The
Hubble rate describes how fast galaxies are moving away from one another, in other
words, the expansion rate of the universe. It is given by:
H =
a˙(t)
a(t)
, (1.1)
1
 
 
 
 
Chapter 1. Introduction 2
where a is the scale factor and the overdot represents a derivative with respect to the
proper time, t. We set c = 1, and use this throughout the text. The scale factor is a
dimensionless parameter which ‘quantifies’ the size and, at the same time, the age of
the universe. If two galaxies are at a distance   apart today, and they have no motion
other than that due to the Hubble expansion, then at an earlier time, t1, they were at
a distance a(t1)  apart.   is the comoving separation between the two points and is
constant with time, and is equal to the physical separation today, as the proper distance
is just dp(t) = a(t)  and the scale factor today is a0 = a(t0) = 1. The Hubble constant,
H0, is the Hubble rate today and is given as [10]
H0 = 100h km s
 1 Mpc 1 = h/2998 Mpc 1 = h/9.78 Gyr 1, (1.2)
where h is a parameter determined from measurements, which is currently [1].
h = 0.67± 0.02 . (1.3)
Before this expansion was discovered, the universe was assumed to be static, resulting
in Einstein adding a (negative) cosmological constant to his field equations to prevent
everything collapsing under gravity. Now we know that not only is the universe expand-
ing, but gravity is not slowing down the expansion as one would expect - the opposite
is in fact true - galaxies are accelerating away from one another, leading us to infer the
existence of dark energy.
Now let us do an inventory of the universe. Firstly, we know that baryonic matter
exists, because it is what we see all around us, but it only makes up a small fraction
of the total energy content of the universe. We know this because measurements of
light-element abundances today, coupled with our knowledge of Big Bang Nucleosyn-
thesis (BBN), gives an upper limit on the total amount of baryons in the universe.
We can also observe radiation in the form of photons and neutrinos, and although ra-
diation energy density dominated in the early universe, it is almost negligible today.
Neutrinos have very small masses and so behave like radiation until late times, when
they also have a negligible energy density, so where does the rest of the energy in the
universe come from? In galaxies, the existence of dark matter has been inferred from
rotation curves, for example. The fact that stars in the outer parts of galaxies rotate
much faster than the visible matter in it can allow, suggests that there is matter which
interacts gravitationally, but not electromagnetically. This dark matter should make
up the majority of the mass of the galaxy. Furthermore, dark matter has also been
seen to exist in clusters, for instance through weak gravitational lensing [6], or peculiar
velocities of galaxies causing redshift-space distortions (see section 3.3). Without dark
matter, galaxies would also need much longer than the current age of the universe to
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grow. From Cosmic Microwave Background (CMB) measurements we know that the
total matter density today is about 30%, only about 5% of which is baryonic matter [1].
For a flat universe (CMB plus H0 measurements give strong evidence that the universe
is flat), the sum of the densities of the di↵erent components of the universe must equal
one. So what makes up the remaining 70% of the energy of the universe? We don’t
know, but we know that it is responsible for the acceleration of the Hubble expansion
in the late-time universe, as seen in Supernovae Type 1A measurements, and we call
it dark energy. In the standard ⇤CDM model, dark energy is a cosmological constant,
⇤, and CDM stands for cold dark matter, cold referring to its zero velocity and pressure.
In order to understand why dark energy only comes into e↵ect at late times, let us
review the history of the universe as we know it so far, and how the temperature and
di↵erent densities evolved with time. The temperature of the universe today is about
3 K. Since we know that the universe is expanding, we can extrapolate backward. The
further back in time we go, the smaller, and hence the hotter the universe. If we go
back to when the universe was ⇠ 3300 K, at a redshift of 1100, or about 400 000 years
old, we find decoupling of photons and baryonic matter [13]. At temperatures hotter
than this, Hydrogen is ionised and photons and matter interact via Thompson scatter-
ing. Only once Hydrogen recombines do photons decouple from matter and free stream.
The light from the CMB comes from this surface of last scattering. Going further back,
to a redshift of ⇠ 3000, with a temperature of 10 000 K, we find that the radiation
and matter densities are equal. Earlier than this, radiation dominates. Matter density
(dark and baryonic) scales with volume, so as the universe expands, the matter density
scales as a 3. The radiation energy density scales as a 4, with the extra factor of a 1
resulting from the wavelength of radiation increasing as the universe expands, and hence
a decrease in energy. The cosmological constant, by definition, does not experience any
change in energy density as the universe expands. Consequently, as one can see in figure
1.1, at early times, when the universe is very hot and dense, radiation dominates. As
the universe expands and cools, radiation density decreases more rapidly than matter
density, resulting in matter dominating at later times. During these epochs the uni-
verse is decelerating in its expansion because the dark energy density is negligible in
comparison. However, at late times, the matter and radiation densities become so small
that the dark energy dominates and causes accelerated expansion. Curvature has an
e↵ective energy density that is proportional to a 2, so it would take longer to decline
than radiation and matter densities. However, current measurements put the curvature
of the universe at very close to zero, so we will assume a flat universe.
If the universe was radiation-dominated all the way back to the t = 0 singularity
(the ‘Big Bang’), then we cannot explain the uniform temperature of the CMB across
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Figure 1.1: Sketch of log ⇢ against log a for radiation, matter and ⇤.
the sky. For two causally disconnected points to have the same temperature, there
would have had to be extremely special initial conditions. To get around this so-called
‘fine-tuning’ problem, we have a theory of Inflation. This was an era, in the very early
universe, where the universe also experienced accelerated expansion, only much more
strongly than today. The main reason we need Inflation however, is to provide us with
the seeds for perturbations. This is because Inflation blows up quantum fluctuations to
macroscopic scales.
We now have the tools to describe how the scale factor evolves with time, described
by the Friedmann equation:
H2 =
8⇡G
3
⇢  K
a2
, (1.4)
where ⇢ is the total energy density, namely the sum of the matter, radiation and dark
energy densities
⇢ = ⇢m + ⇢r + ⇢⇤, (1.5)
and K is the curvature coe cient, which is zero in a flat universe, positive in a closed
universe, and negative if the universe is open. The cosmological constant is ⇤ = 8⇡G⇢⇤.
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If we define the dimensionless density parameters, where i = m, r,⇤,K
⌦i =
8⇡G⇢i
3H2
, (1.6)
the Friedmann equation becomes
1 = ⌦m + ⌦r + ⌦⇤ + ⌦K . (1.7)
Since we are looking at late times in a flat universe, we can neglect radiation, ⌦r, and
⌦K = 0, so equation 1.7 becomes
1 = ⌦m + ⌦⇤. (1.8)
The evolution of the Hubble rate (see next section for the derivation from General
Relativity) is described by:
H˙ =  12⇡G
3
⇢m
) dH
da
=  3
2
H
a
⌦m. (1.9)
We can define the dimensionless Hubble rate as
E ⌘ H
H0
, (1.10)
so that 1.9 simply becomes
dE
da
=  3
2
E
a
⌦m. (1.11)
The conservation of energy gives us
⇢˙m =  3H⇢m
) d⌦m
da
=
3⌦m
a
(⌦m   1). (1.12)
We wish to compare the ⇤CDM model to the Einstein de Sitter (EdS) model, in which
the universe is flat and matter dominated. In this case, the Friedman equation, 1.4,
gives us
H = H0a
 3/2. (1.13)
In EdS, the age of the universe is given by t0 = (2/3)H
 1
0 , so we can analytically
integrate 1.13 to get
a =
✓
t
t0
◆2/3
. (1.14)
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The results of numerically integrating 1.11 and 1.12 are given in figures 1.2 and 1.3.
We have plotted the results for both the ⇤CDM model as well as the EdS model, from
the time of decoupling, until today. In a matter dominated universe, E = a 3/2. So
a log-scaled plot of E will be a straight line with a slope of  3/2, as we see in figure
1.2. This behaviour is the same for ⇤CDM at early times, but at late times, when dark
energy comes into e↵ect and starts accelerating the expansion, one can see an increase
in the slope of E. Since the final value of E has to be unity by definition, the ⇤CDM
curve lies below that of Einstein de Sitter for early times.
In a matter dominated universe, the only energy component is matter, so ⌦m stays
at a constant value of 1, as is evident in figure 1.3. In ⇤CDM on the other hand, matter
dominates at decoupling, but its energy density gradually decreases as dark energy dom-
inates, eventually ending up at the value ⌦m(a0 = 1) = ⌦m0 = 0.25 that we see today.
Note that we have used the WMAP values in our code, which has changed slightly with
the recent Planck results of equation 1.3.
Figure 1.2: Dimensionless Hubble rate as a function of scale factor. The top curve
corresponds to the Einstein de Sitter model, while the bottom curve is for a ⇤CDM
universe.
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Figure 1.3: ⌦m as a function of scale factor. The top curve corresponds to the
Einstein de Sitter model, while the bottom curve is for a ⇤CDM universe.
1.2 Cosmological perturbation theory
This section is partly based on chapter 2 of [15].
The background FLRW metric is described by the line element:
ds2 = a2(⌘)
⇥ d⌘2 + d 2 +  2(d✓2 + sin2 ✓d'2)⇤ , (1.15)
where a is the scale factor, ⌘ is the conformal time, related to the proper time by
d⌘ = dt/a, and  , ✓, and ' are the comoving polar coordintates. Furthermore 0 ⌘ d/d⌘
and H = a0/a = aH.
We will look at the first order scalar perturbations about an FLRW background, in
which the metric tensor can be written as
gµ⌫ = g¯µ⌫ +  gµ⌫ , (1.16)
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where g¯µ⌫ is the background metric given by
g¯µ⌫ = a
 2(⌘)
 
 1 0
0  ij
!
(1.17)
and  gµ⌫ is a small linear perturbation to the metric. Greek indices run from 0 to 3,
while Roman indices run from 1 to 3. Since we are looking at scalar perturbations,
the metric perturbations need to consist of scalars, derivatives of scalars, or background
quantities. The scalars we use are  ,  , E and B, giving
 g00 =  2a2  (1.18)
 g0i =  gi0 = a
2B,i (1.19)
 gij =  2a2(  ij   E,ij) (1.20)
So that the full metric becomes
gµ⌫ = a
2(⌘)
 
 1  2  B,i
B,j (1  2 ) ij + 2E,ij
!
Here A↵ ;µ ⌘ rµA↵  = @µA↵  +  ↵µ⌫A⌫     ⌫µ A↵⌫ and X,i ⌘ @iX represent covariant
di↵erentiation with respect to the 4-metric, gµ⌫ , and the 3-metric,  ij , respectively.
The line element is then
ds2 = gµ⌫dx
µdx⌫ = a2(⌘){ (1+2 )d⌘2+2B,id⌘dxi+[(1 2 ) ij+2E,ij ]dxidxj}. (1.21)
The Einstein Field Equations
Gµ⌫ = 8⇡GTµ⌫ , (1.22)
relate the Einstein tensor, which describes the geometry of spacetime, to the energy-
momentum tensor, which describes the energy content of the universe. The Einstein
tensor is
Gµ⌫ = Rµ⌫   1
2
gµ⌫R , (1.23)
where the Ricci tensor, Rµ⌫ , and the Ricci scalar, R, are contractions of the Riemann
tensor
R↵ µ⌫ =  
↵
 ⌫,µ    ↵ µ,⌫ +  ↵ µ   ⌫    ↵ ⌫   µ (1.24)
Rµ⌫ = R
↵
µ↵⌫ =  
↵
µ⌫,↵    ↵µ↵,⌫ +  ↵ ↵  µ⌫    ↵ ⌫  µ↵ (1.25)
R = Rµµ , (1.26)
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and the connection coe cients are given by
   µ =
1
2
g↵ (g↵ ,µ + g↵µ,    g µ,↵). (1.27)
The energy-momentum tensor for a perfect fluid is
Tµ⌫ = (⇢+ p)u
µu⌫ + p 
µ
⌫ . (1.28)
Here the total density, ⇢, and the total pressure, p, can be broken up into their back-
ground and perturbed parts
⇢ = ⇢¯+  ⇢ (1.29)
p = p¯+  p . (1.30)
Starting from the condition that uµuµ =  1, and
u¯µ = a 1 µ0
u¯⌫ =  a 0⌫ , (1.31)
the four-velocities up to first order are given by
uµ =
1
a
[(1   ), v,i] (1.32)
u⌫ = a[ (1 +  ), v,i +B,i] . (1.33)
Since we are looking at first order perturbations only, all products of perturbations can
be neglected, so that, for instance
T 00 = (⇢+ p)u
0u0 + p 
0
0
= (⇢+ p)[
1
a
(1   )( a)(1 +  )] + p
= (⇢+ p)( 1 +  2) + p ...  2 is 2nd order, so neglect
=  ⇢ . (1.34)
Therefore, at first order, the stress-energy tensor components are:
T 00 =  (⇢¯+  ⇢)
T 0i = (⇢¯+ p¯)(B,i + v,i)
T i0 =  (⇢¯+ p¯)v,i
T ij = (p¯+  p) 
i
j . (1.35)
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Notice how, at first order, the  ⇢ and  p terms fall away when multiplied by other
perturbed quantities.
1.2.1 Conservation equations
In order to get energy and momentum conservation equations, we take the covariant
derivative of 1.22, and the fact that the Bianchi identity gives Gµ⌫;µ = 0, giving
Tµ⌫;µ = 0 . (1.36)
Recall that the covariant derivative of a tensor with two indices is
Tµ⌫;↵ = T
µ
⌫,↵ + T
 
⌫ 
µ
 ↵   Tµ   ⌫↵. (1.37)
So we take the trace of this and equate it to zero.
Tµ⌫;µ = T
µ
⌫,µ + T
 
⌫ 
µ
 µ   Tµ   ⌫µ = 0 . (1.38)
Since the metric is perturbed, the connection coe cients can also be broken up into
 µ↵  =  ¯
µ
↵  +   
µ
↵  , (1.39)
so substituting expression 1.16 into 1.27 gives
 ¯  µ =
1
2
g¯↵ (g¯↵ ,µ + g¯↵µ,    g¯ µ,↵) (1.40)
  µ↵  =
1
2
g¯µ ( g ↵,  +  g  ,↵    g↵ , ) + 12 g
µ (g¯ ↵,  + g¯  ,↵   g¯↵ , ) . (1.41)
The expressions for the components of the connection coe cients can be found as in the
following example
 000 =
1
2
g↵0(g↵0,0 + g0↵,0   g00,↵)
=
1
2
g00(g00,0) +
1
2
gi0(2gi0,0   g00,i)
=
1
2
⇥ a 2(1  2 )⇤ ⇥ a2(1 + 2 )⇤
,0
+O(2)
= H+  0 . (1.42)
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Then we find that the full connections are:
 000 = H+  0
 0i0 =  ,i +HB,i
 0ij = H ij   (B   2HE   E 0),ij  
⇥
2H( +  ) +  0⇤  ij
 i00 = (HB +B0 +  ),i
 ij0 = H ij    0 ij + E 0,ij
 ijk =  H jkB,i    ,j ik    ,k ij +  ,i jk + E ,ijk + E i,k j   E i,jk , (1.43)
We then get
Tµ0;µ =  (⇢¯+ ⇢)0 (⇢¯,i+p¯,i)v,i (⇢¯+p¯)v,ii (⇢¯+p¯)(3H 3 0+E 0,ij) 3H( ⇢+ p). (1.44)
Since ⇢¯ and p¯ are background quantities, they are constant in space, so ⇢¯,i = p¯,i = 0.
Furthermore,
v,i i ⌘ r2v, (1.45)
since we neglect the vector part of the spatial velocity. Setting 1.44 equal to zero we can
get the background conservation equation
⇢¯0 + 3H(⇢¯+ p¯) = 0 , (1.46)
and the perturbed energy conservation equation,
 ⇢0 + 3H( ⇢+  p) = (⇢¯+ p¯)[3 0  r2(v + E 0)] . (1.47)
The perturbed momentum conservation equation we get from,
Tµi;µ = [(⇢¯+ p¯)(v +B),i]
0 +  p,i + (⇢¯+ p¯)[ ,i + 4H(v +B),i] (1.48)
= [(⇢¯+ p¯)(v +B)]0,i +  p,i + (⇢¯+ p¯)[ + 4H(v +B)],i , (1.49)
which we can integrate over 3-space once we’ve equated it to zero, to get
[(⇢¯+ p¯)(v +B)]0 +  p =  (⇢¯+ p¯)[ + 4H(v +B)]. (1.50)
1.2.2 Einstein Field Equations
We have what we need to evaluate the right hand side of 1.22, but in order to obtain the
Einstein Field Equations, we need to evaluate the Einstein tensor 1.23, which requires
us to first evaluate the Ricci tensor, 1.25, and from that the Ricci scalar, 1.26.
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Since the Ricci tensor involves derivatives of connection coe cients, it is helpful to
evaluate those that will be used, in advance.
 000,0 = H0 +  00
 000,i =  
0
,i
 0i0,0 =  
0
,i +H0B,i +HB0,i
 0i0,j =  ,ij +HB,ij
 0ij,0 = H0 ij   (B0   2H0E   2HE 0   E 00),ij   [2H0( +  ) + 2H( 0 +  0) +  00] ij
 i00,0 = (H0B +HB0 +B00 +  0),i
 i00,j = (HB +B0 +  ),i j
 ij0,0 = H0 ij    00 ij + E 00,ij
 ij0,k =   0,k ij + E 0,i jk
 ijk,0 =  H0 jkB,i  H jkB0,i    0,j ik    0,k ij +  0,i jk + E 0,ijk + E 0 i,k j   E 0 i,jk
 ijk,l =  H jk,lB,i  H jkB,i l    ,jl ik    ,kl ij +  ,i l jk +  ,i jk,l
+ (E ,ijk + E i,k j   E i,jk ),l . (1.51)
After some very careful and tedious substitution and simplification we get the Ricci
tensor components for the flat case:
R00 =  3H0 +r2(HB +B0 +    E 00  HE 0) + 3 00 + 3H( 0 +  0)
R0i =
a00
a
B,i +H2B,i + 2( 0,i +H ,i) + E 0 j, ij   E 0 j, ji
Rij =
✓
a00
a
+H2
◆
 ij    ,ij  H 0 ij   2
✓
a00
a
+H2
◆
( +  ) ij
+r2  ij +  ,ij   5H 0 ij    00 ij   2HB,ij  Hr2B ij
 B0,ij + 2
✓
a00
a
+H2
◆
E,ij + 2HE 0,ij +H ijr2E 0 + E 00,ij . (1.52)
The Ricci scalar is obtained from the above equations by R = gµ⌫Rµ⌫ :
R = 6
a00
a3
+
2
a2
h
r2( 3HB B0  +E 00+3HE 0+2 ) 3 00 3H 0 9H 0 6a
00
a
 
i
. (1.53)
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Substituting these into 1.23 gives the Einstein tensor components:
G00 =
1
a2
h
  3H2 + 2   Hr2  + 3H 0 + 3H2  r2   i
G0i =  
2
a2
(H +  0),i
Gij =
1
a2
n
  2
✓
a00
a
  1
2
H2
◆
 ij + (r2D ij   @i@jD)
+ 2
h
H 0 +
✓
2
a00
a
 H2
◆
 + 2H 0 +  00
i
 ij
o
(1.54)
where we define
D ⌘    2H     0    
  ⌘  B + E 0 . (1.55)
Now, to obtain the Friedmann equation, 1.4, we take the background time-time compo-
nent of the Einstein Field Equations.
G¯00 = 8⇡GT¯
0
0
 3H
2
a2
=  8⇡G⇢¯
H2 = 8⇡G
3
⇢¯a2. (1.56)
Similarly, to obtain the evolution of the Hubble rate, 1.9, we take the trace of the
background i-j component and substitute 1.56. Note that a00/a = H0 +H2.
  2
a2
✓
H0 + 1
2
H2
◆
 ij = 8⇡Gp¯ 
i
j
H0 =  4⇡Ga2p¯  1
2
H2
H0 =  4⇡G
3
(⇢¯+ 3p¯)a2. (1.57)
Finding the 0-0 component of the perturbed Einstein equations is a simple case of
straight substitution, yielding
3H( 0 +H ) r2  Hr2  =  4⇡Ga2 ⇢. (1.58)
The i-0 component is also fairly straightforward to find, as one need just recall that ⇢¯
and p¯ are functions of time only, and then integrate over 3-space to get
H +  0 =  4⇡Ga2(⇢¯+ p¯)(v +B). (1.59)
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The perturbed i-j component and its trace yields two equations, but finding them is
slightly more involved. From 1.22 we obtain
r2D ij  D,ij + 2[H 0 + (2H0 +H2) + 2H 0 +  00] ij = 8⇡Ga2 p ij . (1.60)
The trace of 1.60 yields
2[H 0 + (2H0 +H2) + 2H 0 +  00] = 8⇡Ga2 p  2
3
r2D . (1.61)
Substituting 1.61 into 1.60 then gives us the tracefree part
D,ij  
1
3
r2D ij = 0 . (1.62)
This means that D is a constant, but since any non-zero constant perturbation is un-
physical it means that
D =       2H     0 = 0, (1.63)
leaving 1.61 as
H 0 + (2H0 +H2) + 2H 0 +  00 = 4⇡Ga2 p. (1.64)
Now collecting all the perturbation equations together gives
 ⇢0 + 3H( ⇢+  p) = (⇢¯+ p¯)[3 0  r2(v + E 0)] (1.65)
[(⇢¯+ p¯)(v +B)]0 +  p =  (⇢¯+ p¯)[ + 4H(v +B)] (1.66)
3H( 0 +H ) r2  Hr2  =  4⇡Ga2 ⇢ (1.67)
H +  0 =  4⇡Ga2(⇢¯+ p¯)(v +B) (1.68)
H 0 + (2H0 +H2) + 2H 0 +  00 = 4⇡Ga2 p (1.69)
1.2.3 Longitudinal gauge
The equations derived in the previous section are given in a general gauge and are gauge
dependent, namely, they yield di↵erent values in di↵erent frames. However, we can
rewrite them in terms of gauge-invariant quantities. We obtain these quantities from a
suitable gauge, where the scalar perturbations correspond to physical properties. We
choose to use the longitudinal gauge, also known as the conformal or Newtonian gauge.
In this gauge, there is no anisotropic potential, meaning E = 0, and there is no shift
vector, hence B = 0. This implies that there is vanishing shear   = 0. By extension,
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from 1.63, we have the perfect fluid case where   =  =  , the gravitational potential.
Equations 1.65 to 1.69 now become
 ⇢0 + 3H( ⇢+  p) = (⇢¯+ p¯)[3 0  r2v] (1.70)
[(⇢¯+ p¯)v]0 +  p =  (⇢¯+ p¯)( + 4Hv) (1.71)
r2   3H( 0 +H ) = 4⇡Ga2 ⇢ (1.72)
 0 +H  =  4⇡Ga2(⇢¯+ p¯)v (1.73)
 00 + 3H 0 + (2H0 +H2)  = 4⇡Ga2 p. (1.74)
 
 
 
 
Chapter 2
⇤CDM Perturbations
In this chapter, we study the evolution of perturbations in the standard, ⇤CDM model,
from the period after decoupling until today. Recall that in section 1.1 we described
how this is the era in which the universe goes from being matter dominated to being
dark energy dominated. This means we can neglect radiation, and the total background
density becomes,
⇢¯ = ⇢¯m + ⇢¯r + ⇢¯⇤ ' ⇢¯m + ⇢¯⇤ . (2.1)
Similarly,
p¯ = p¯m + p¯r + p¯⇤ '  ⇢¯⇤, (2.2)
since matter pressure is zero, radiation pressure is negligible, and p⇤ = w⇤⇢⇤, where the
equation of state, w⇤ =  1 for ⇤CDM. Furthermore, since ⇤ is a constant, it has no
perturbations, so we need only look at matter perturbations, specifically matter density
perturbations,  m, since matter is pressureless. Equations 1.46, 1.57, and 1.70 to 1.74,
now become
⇢¯0m =  3H⇢¯m (2.3)
H0 =  4⇡G
3
a2⇢¯m +
⇤
3
a2 (2.4)
 ⇢0m + 3H ⇢m = (3 0  r2vm)⇢¯m (2.5)
v0m =  Hvm     (2.6)
r2   3H( 0 +H ) = 4⇡Ga2 ⇢m (2.7)
 0 +H  =  4⇡Ga2⇢¯mvm (2.8)
 00 + 3H 0 =  (2H0 +H2) . (2.9)
16
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The Friedmann equation, 1.56, becomes
H2 = 8⇡G
3
a2⇢¯m +
⇤
3
a2. (2.10)
We define the matter density contrast as
 m ⌘  ⇢m
⇢¯m
, (2.11)
which is comoving in the longitudinal (Newtonian) gauge. The derivative of  m is
 0m =
 ⇢0m
⇢¯m
  ⇢¯
0
m
⇢¯m
 m . (2.12)
2.1 Finding numerical solutions
Our aim is to rewrite equations 2.3 to 2.9 so that they form a system of first order
ordinary di↵erential equations (ODEs). This will enable us to integrate numerically
and solve for the variables H,  , ⇢¯m, ⇢¯⇤,  m and vm. Recall that r2 is a second-order
derivative with respect to 3-space, x. However, we do not wish to have either second-
order or spatial derivatives in our ODEs. A Fourier transform will take a function,
f(⌘,x) ! F (⌘, k), where k = a/  is the comoving wavenumber. Therefore, in order to
convert to ODEs of time only, we need to go from real space to Fourier space, which
means that r2 !  k2. Substituting 2.3 and 2.5 into 2.12, then gives us, in Fourier
space,
 0m = k
2vm + 3 
0. (2.13)
We obtain a constraint equation by substituting 2.8 into 2.7
k2  =  3
2
⌦ma
2H2( m   3aHvm). (2.14)
This is known as the Poisson equation. We can define the gauge-invariant comoving
matter density contrast ( m is comoving in the Newtonian gauge only) as
 m ⌘  m   3aHvm , (2.15)
so that the Poisson equation is
k2  =  3
2
⌦ma
2H2 m. (2.16)
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The Poisson equation is often given (in real space) as,
r2  = 4⇡Ga2⇢¯m m. (2.17)
2.1.1 Decoupled second order equations
Note that for ⇤CDM, the first order equations 2.6, 2.8, and 2.13, as well as 2.9 can be
used to find the decoupled second order equations
 00 + 3H 0   ⇤a2  = 0 (2.18)
v00m + 2Hv0m +
✓
⇤
3
a2  H2
◆
vm = 0 (2.19)
 00m +H 0m   4⇡Ga2⇢¯m m = 0 . (2.20)
These equations show explicitly that the scale-dependence of  , vm and  m comes only
from the initial conditions (which are covered in section 2.1.3). Note that this does not
apply to  m.
For scales k   H (see section 2.1.4), 2.20 becomes
 00m +H 0m   4⇡Ga2⇢¯m m ⇡ 0 . (2.21)
It is quite standard in the literature to give the above approximation only, instead of
equation 2.20, which holds on all scales.
In EdS, finding the solution of 2.18 is trivial, and immediately gives   = C + B/(a5).
We then drop the decaying mode, B/(a5), since it grows going back in time and would
destroy the homogeneity and isotropy of the universe. This means that in EdS,
 (k, a) =  (k, ain). (2.22)
Furthermore, the EdS solution for 2.20 can be found by trying the solution  m = an.
Recall that for EdS, H = H0a 1/2, which gives a0 = H0a1/2 and a00 = H20 + (1/2)H20a.
 m = an is a solution to 2.20 when n = 1 or n < 0. However, n < 0 gives a decaying
solution, so, by the same argument as above, we do not use it. The EdS solution is then
 m(k, a) =  m(k, ain)
a
ain
. (2.23)
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2.1.2 Dimensionless form
We mentioned above that we want to obtain a system of first order ODEs, to numeri-
cally solve for the variables H,  , ⇢¯m, ⇢¯⇤,  m and vm. However, these will be simpler to
integrate if they are all in dimensionless form.
Firstly, ⇢¯m and  ⇢m have the same dimensions, so  m must be dimensionless. We can
infer from 1.21 that   is dimensionless, since ds2 has dimensions of length squared, as
does a2d⌘2. We already defined E, the dimensionless Hubble rate, in 1.10, and ⌦m, the
dimensionless matter density, in 1.6. Obtaining ⌦⇤ from ⌦m is trivial, as their sum is
unity at late times, as shown in equation 1.8. As we can see from 1.32, the velocity,
v ,im = @ivm, is also dimensionless. Since @i has dimensions of one upon length, the
velocity potential, vm must have dimensions of length. So we define the dimensionless
matter velocity potential as
um ⌘ H0vm. (2.24)
 m is also dimensionless as it can be written as  m =  m 3aEum. The comoving wave-
length goes as 1/k, and k has dimensions of inverse length, therefore the dimensionless
comoving wavenumber is
l =
k
H0
. (2.25)
Since the initial conditions for   are not straightforward, and depend on the transfer
function (see section 3.2.2), we can define the following variables in order to have solu-
tions independent of the initial potential  d(k), where subscript d denotes decoupling:
g  =  /| d| (2.26)
gum = um/| d| (2.27)
g m =  m/| d|. (2.28)
Lastly, our derivatives are currently with respect to conformal time, ⌘. Since both d/d⌘
and d/dt have dimensions of inverse length (because we set c = 1), it would be helpful
to have a dimensionless time derivative. For this reason we choose the scale factor, a,
to be our dimensionless time variable. We use the chain rule to change our derivatives
as follows
d
d⌘
=
da
d⌘
d
da
= aH d
da
= a2H
d
da
. (2.29)
For the background equations, 2.3 gives us
d⇢¯m
da
=  3 ⇢¯m
a
, (2.30)
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which we can substitute into the derivative of ⌦m
d⌦m
da
=
3
a
⌦m(⌦m   1). (2.31)
Converting equation 2.4, the evolution of the Hubble rate takes on the form we have
seen in the first section, equation 1.11, namely
dE
da
=  3
2
E
a
⌦m . (2.32)
For the perturbed equations, equations 2.8, 2.13 and 2.6 become
d 
da
=  3
2
⌦mEum   1
a
  (2.33)
d m
da
=  9
2
⌦mEum   3
a
 +
l2um
a2E
(2.34)
dum
da
=   1
a2E
   um . (2.35)
In terms of g , g m and gum , equations 2.33, 2.34 and 2.35 become
dg 
da
=  3
2
⌦mEgum  
1
a
g  (2.36)
dg m
da
=  9
2
⌦mEgum  
3
a
g  +
l2gum
a2E
(2.37)
dgum
da
=   1
a2E
g    gum . (2.38)
Note that g  and gum are scale independent. The Poisson equation becomes
l2  =  3
2
⌦ma
2E2( m   3aEum) (2.39)
l2g  =  32⌦ma
2E2(g m   3aEgum), (2.40)
or in terms of the comoving density contrast
l2  =  3
2
⌦ma
2E2 m (2.41)
l2g  =  32⌦ma
2E2g m , (2.42)
where g m =  m/| d|.
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2.1.3 Initial conditions
Now we want to determine our initial conditions. We choose to start soon after decou-
pling, when the universe was matter dominated, with
ain = ad = 10
 3. (2.43)
From the Friedmann equation, 2.10,
Ed =
q
⌦m0a
 3
d + 1  ⌦m0. (2.44)
We can use the definition of ⌦m to get
⌦md = ⌦m0E
 2
d a
 3
d . (2.45)
By definition,
g d =  1 . (2.46)
To calculate the initial conditions for the other perturbations, we can use the approxi-
mation Ed '
p
⌦m0a
 3/2
d . Moreover, in a matter dominated universe,   is constant, so
we can set  0d = 0 in 2.8 to get
umd =  23
a1/2d  dp
⌦m0
) gumd =
2
3
a1/2dp
⌦m0
. (2.47)
Finally, from the Poisson equation 2.39 we have
 md =  2 d
✓
1 +
l2ad
3⌦m0
◆
) g md = 2 +
2
3
l2ad
⌦m0
. (2.48)
2.1.4 Scales
We have mentioned the wavenumber, k, and its dimensionless form, l, in the previous
section (see 2.25), without explaining which physical scales it corresponds to. To do so,
let us first define the Hubble scale
 H ⌘ H 1. (2.49)
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This defines the radius of the Hubble sphere, namely the maximum distance of causal
connection to today. Wavenumber is related to wavelength by
  =
a
k
, (2.50)
where we omit a factor of 2⇡, by convention. So for   <  H , the mode is sub-Hubble,
and the wavelength is smaller than the radius of the Hubble sphere. This means that
this mode is subject to local physics, that is, it will be influenced by the properties
within the Hubble sphere, such as pressure. Due to the inverse relationship of   and k
in 2.50, on sub-Hubble scales, k > aH. This means that large values of k correspond to
small scales. Similarly, on super-Hubble scales,   >  H , and k < aH. Here the mode
is outside the Hubble sphere, so two points separated by a super-Hubble wavelength
cannot be causally connected. Hence they are ‘frozen’, as the mode is not a↵ected by
changes in local physics.
It is important to note that modes can enter and leave the Hubble sphere as H changes.
For instance, during matter domination, we can see from 1.13, that  H = H 1 / a3/2.
  / a, so if a given mode,  1, is initially super-Hubble, namely  1 >  H , then since
log  H has a steeper slope than log  1, at some stage they will intersect one another, and
the  1 mode will become sub-Hubble. This is illustrated in figure 2.1. This means that
in a universe that is always matter-dominated, all super-Hubble modes will eventually
become sub-Hubble. However, in reality, the matter-dominated era doesn’t last long
enough for this to happen. Once dark energy dominates,  H is approximately constant,
so, all sub-Hubble modes, will eventually become super-Hubble. In figure 2.1, one can
see that  2 starts o↵ as super-Hubble, and enters the Hubble sphere towards the end
of matter domination. It becomes super-Hubble again soon after dark energy starts
dominating, since during that era, log  2 has a steeper slope than log  H .
In dimensionless form, sub-Hubble and super-Hubble modes are characterised respec-
tively by
l > aE sub-Hubble
l < aE super-Hubble (2.51)
Therefore sub-Hubble modes today have l > 1, while super-Hubble modes today have
l < 1. For our analysis, we wish to see how perturbations behave on both sub- and
super-Hubble scales, so we choose l = 0.1, 10.
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Figure 2.1: Di↵erent wavelength modes against scale factor, compared to the Hubble
radius  H = H 1.
2.2 Results
We now have a system of ordinary di↵erential equations, consisting of equations 2.31,
2.32, 2.36, 2.37 and 2.38. Using the initial conditions 2.43 to 2.48, we can numerically
integrate this system to obtain values for E, ⌦m,  ,  m and um from the time of decou-
pling to today. The results for the background variables were already shown in figures
1.2 and 1.3, while the perturbed variables are seen in figures 2.2, 2.3, and 2.4.
In 2.2, g  is plotted for ⇤CDM and Einstein de Sitter models. It is not necessary
to plot g  at di↵erent scales, as we already know from 2.36 and 2.46 that it is scale
independent. Clearly ⇤ only comes into e↵ect at late times, as  ⇤CDM is coincident
with the constant  EdS up until a ⇡ 0.2, when ⇤ suppresses | |.
Figure 2.3 shows how g m di↵ers greatly between ⇤CDM and EdS on small scales (large
l), while being mostly coincident on large scales. On sub-Hubble scales, for both models,
g m shows a one to two magnitude increase. This is because on sub-Hubble scales, matter
clumps under gravity and forms structure. The fact that  m is greater in the ⇤CDM
case is because the average matter density, ⌦m, is decreasing, causing the fractional
overdensity to increase, relative to EdS. However, note that at very late times, there
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Figure 2.2: |g | against scale factor for ⇤CDM and EdS models.
is a slight suppression in  m in ⇤CDM on small scales. This is due to dark energy
suppressing the rate at which matter clumps.
We see in figure 2.4, that the peculiar velocities are scale-independent, which is as
expected, since the evolution equation for gum is independent of l. The late-time sup-
pression of um in ⇤CDM is once again due to ⇤ suppressing the clumping rate of matter.
Matter which clumps moves towards regions of higher density, resulting in peculiar ve-
locities. Hence, a slower clumping rate will result in peculiar velocities decelerating.
It is easy to determine the comoving matter density,  m, defined in 2.15, from  m,
E, and um. Figure 2.5 shows how g m has exactly the same shape at sub-Hubble and
super-Hubble scales, the o↵set arising from the di↵erence in initial conditions. Since  m
experiences the same amount of suppression at late times on small and large scales due
to ⇤, we can infer that the suppression is due to the boost in E (E is subtracted). The
suppression in  m at late times must be much smaller in comparison (because otherwise
this would result in a suppression of  m on sub-Hubble scales only). um is suppressed
equally on large and small scales, but because it is also in the term subtracted from  m,
it actually boosts  m.
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Figure 2.3: g m against scale factor for ⇤CDM and EdS models. A sub-Hubble and
super-Hubble Fourier mode is shown for each model.
Figure 2.4: gum against scale factor for ⇤CDM and EdS models. As one can see, gum
is scale independent, as the di↵erent Fourier modes lie concurrent for each model.
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Figure 2.5: g m against scale factor for ⇤CDM and EdS models. A sub-Hubble and
super-Hubble Fourier mode is shown for each model.
 
 
 
 
Chapter 3
Growth rate, power spectra and
redshift-space distortions in
⇤CDM
So far, we have looked at perturbed variables which correspond to physical properties,
yet are impractical to measure. We want to be able to make statistical predictions which
we can then directly compare with observations. Observations can give us measurements
of the growth rate of structure, power spectra and redshift-space distortions, and this
chapter explains how we can obtain these from perturbation theory, for any general
model (with the exception of section 3.2.5, which looks at ⇤CDM only). The results
given are for the ⇤CDM case.
3.1 Growth rate
In the previous chapter, in my discussion of figure 2.3, we mentioned that matter clumps
under gravity. All it takes for structure to start growing is a very small perturbation
to the background, such as those provided by inflation. This small overdensity exerts
a greater gravitational e↵ect than the surrounding area, attracting more matter to it,
increasing the overdensity even further. If no other factors were at play, then over time,
all matter would cluster together. However, there are e↵ects which slow down this pro-
cess. Before decoupling, when baryons and photons were coupled, gravity was opposed
by radiation pressure, such that whenever the density got too high, the radiation pres-
sure would repel the matter, resulting in oscillations in the plasma. In galaxies, internal
processes and dynamics prevent everything in them from becoming one great lump.
However, on cosmological scales, after decoupling, the only e↵ect that is of concern to
27
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us regarding the rate at which structure grows, is that of cosmological expansion. In a
static universe, matter would clump exponentially, however, during matter domination,
growth of structure follows a power law, due to the expansion of the universe. During
dark energy domination, the accelerated expansion suppresses the growth rate even more.
The growth rate, f , gives an indication of the rate at which structure grows by measur-
ing the rate of change of the growth function with time. The growth function, Dm, is
defined from the comoving matter density contrast by [8]
Dm(k, a)
Dm(k, ad)
=
 m(k, a)
 m(k, ad)
. (3.1)
Note that Dm is scale independent in ⇤CDM. The growth rate is then defined as
f ⌘ d lnDm(k, a)
d ln a
. (3.2)
This is equivalent to
f =
a
Dm(k, a)
dDm(k, a)
da
, (3.3)
which allows us to obtain an analytical expression for f , for ⇤CDM (and EdS)
f =
l2
aE
gum
g m
. (3.4)
Figure 3.1 shows the growth rate for ⇤CDM and Einstein de Sitter Models. The growth
rate, f , is scale independent, despite equation 3.4 containing a factor of l2. We know
from the Poisson equation, 2.42, that g m / l2, so the l2 factors cancel, leaving f scale
independent, since gum and E are scale independent. In EdS,  m / a implies that f = 1
exactly. For ⇤CDM we can see a suppression in the growth rate at late times, which is
exactly how we would expect dark energy to behave, as it slows down clustering.
In reality, the growth rate is not measured directly, but rather the value f 8.  8 is a
value which normalises the matter power spectrum at 8 h 1 Mpc [14], and is determined
by
 8(z) =  8,0
Dm(k, z)
Dm(z = 0)
, (3.5)
where  8,0 =  8(z = 0) = 0.811 [18]. We will use this is chapter 4.
3.2 Power spectra
Power spectra are the Fourier-space equivalent of correlation functions [2]. A correlation
function is a statistical measure of correlation of a given variable between two or more
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Figure 3.1: Growth rate as a function of scale factor for ⇤CDM and EdS models.
points in sample. For instance, to measure clustering, a two-point correlation function
compares the probability of finding two points (galaxies) a given distance apart, relative
to that same probability in a uniformly distributed random sample [4]. A power spec-
trum shows on which scales the power lies, namely which modes have greater amplitudes.
The power spectrum, PX(k, a), of a random variable, X(~k, a) is given by
hX(~k, a)X⇤(~k0, a)i = (2⇡)3 D(~k   ~k0)PX(k, a) , (3.6)
where angular brackets denote an ensemble average and  D is the Dirac delta func-
tion. Before we compute the power spectra, we want to be able to relate the late-time
perturbations to the primordial perturbations.
3.2.1 Primordial power spectrum
It is useful for us to relate the power spectrum at late times to the power spectrum at
the end of inflation, since inflation provides the seeds for perturbations. We can make
use of our very good understanding of inflation, to evolve and grow these perturbations
through the epochs of radiation, matter, and lastly dark energy domination.
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A scale-invariant power spectrum is one in which k3P is a constant (P has dimen-
sions of k 3). The variable whose value we know at the end of inflation is that of the
gravitational potential,  . Its power spectrum, known as the primordial power spectrum
is given by [7]
P P (k) ⌘
50⇡2
9k3
✓
k
H0
◆n 1
 2H
✓
⌦m0
D (a = 1)
◆2
, (3.7)
where n is the spectral index. n = 1 corresponds to a scale-invariant power spectrum,
instead, we use the value of n = 0.96 [1], so that the power spectrum is nearly scale-
invariant.  H is the amplitude of the curvature perturbation at horizon crossing, during
inflation. D  is defined as [8]
D (k, a)
a
=
 (k, a)
 d
, (3.8)
so that D d = ad. Note that D  = a in Einstein de Sitter. In ⇤CDM, the Poisson
equation, 2.16, can be written as
  =  3H
2
0
2k2
⌦m0a
 1 m, (3.9)
which means that
 
 d
=
D 
a
=
ad
a
 m
 md
=
ad
a
Dm
Dmd
. (3.10)
Following the convention of [7], we normalise Dmd = ad, which means that in ⇤CDM,
Dm(a) = D (a) = D(a). (3.11)
We know from 2.20, that in ⇤CDM, the k-dependence of  m comes only from the initial
conditions, therefore, Dm(a) = D(a) is scale-independent in ⇤CDM.
3.2.2 Transfer function
Now that we have an expression for the power spectrum of   at the end of inflation,
we need to determine how   evolves through the radiation dominated era, and past
equality, into the matter dominated epoch. For this we have the transfer function,
which is defined so that it is one on large scales [2]
T (k) ⌘  (k, ad)
 LS(k, ad)
. (3.12)
 LS is the large scale solution, which, unlike equation 3.12 suggests, is not exactly equal
to the primordial solution. Rather, to fit to the convention of T (k) = 1 on large scales,
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we define [2],[7]
 LS(k, ad) =
9
10
 P (k), (3.13)
which accounts for the slight decrease in large-scale   during the transition from radia-
tion domination to matter domination.
If a mode comes into the Hubble radius during radiation domination, the growth is
suppressed by the high Hubble rate. However, if a super-Hubble mode enters the Hub-
ble sphere after radiation domination, it grows faster than a mode that was suppressed
during radiation domination. The transition from radiation to matter domination is
known as equality, therefore keq corresponds to the size of the Hubble radius at equality.
Modes where k > keq were inside the Hubble radius during radiation domination, and
were therefore suppressed. Modes where k < keq only enter the Hubble sphere dur-
ing matter domination, or later, and are therefore not suppressed when they enter the
Hubble sphere. keq is determined from the Friedmann equation at equality, when the
radiation and matter densities are equal hence
Heq = H0
q
⌦m0a
 3
eq + ⌦r0a
 4
eq
= H0
q
2⌦m0a
 3
eq
= a 2eq H0
p
2⌦m0aeq . (3.14)
Since 2.50 gives us keq = aeqHeq, and 1 + zeq = 2.396⇥ 104 ⌦m0h2 [2], we have
keq = H0
q
2⌦m0a
 1
eq = 0.073 ⌦m0h
2 Mpc 1. (3.15)
In order to compute the transfer function, one has to integrate through the radiation era
over all values of k. We use the Bardeen, Bond, Kaiser, and Szalay (BBKS) fit [7],[2],[3],
which is an analytical approximation which neglects baryons
T (x ⌘ k/keq) = ln(1 + 0.171x)
0.171x
⇥
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4
⇤ 0.25
.
(3.16)
When k ⌧ keq, x⌧ 1, which means that T (x) ' 1, as we would expect for large scales.
On the other hand, when k   keq, x   1, and the transfer function becomes strongly
k-dependent on small scales, with T (x) / (ln k)/k2 [2], as seen in figure 3.2. Hence,
the smaller the scale (the larger k), the more suppression there is in the gravitational
potential.
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Figure 3.2: Transfer function for ⇤CDM and EdS.
3.2.3 Gravitational potential power spectrum
We have evolved   through radiation domination all the way to decoupling. What
remains now is to advance   through the late universe, in order to be able to determine
the gravitational potential at any value of a > ad. The function we use to do so is D ,
defined in equation 3.8, which is equivalent to the growth function in ⇤CDM, where it is
also independent of k. We can now obtain an expression for the gravitational potential
after decoupling in terms of  P by putting together equations 3.8, 3.12 and 3.13 to get
 (k, a) =
9
10
 P (k)T (k)
D (k, a)
a
, (3.17)
which means that the gravitational potential power spectrum is
P (k, a) =
81
100
P P (k)T
2(k)
✓
D (k, a)
a
◆2
. (3.18)
Figure 3.3 shows the gravitational power spectrum today, for ⇤CDM and EdS models.
Note the o↵set due to the ⌦m0 factor in 3.7, and the change of slope at keq. As one can
see, ⇤ causes a suppression in the power spectrum on smaller scales (larger k). Figure
3.4 shows the gravitational power spectrum at a = 0.1, 0.7, 1, for ⇤CDM. Although the
 
 
 
 
Chapter 3. Growth rate, power spectra and RSD 33
di↵erence is very slight, there is a definite suppression in the power spectrum on all
scales as time progresses. This is due to ⇤, because we know from 2.2 that in a matter
dominated universe   is constant, therefore D /a is constant, which means that P 
would be constant over time in a matter dominated universe.
Figure 3.3: Gravitational potential power spectrum today for ⇤CDM and EdS.
3.2.4 Matter power spectrum
We are far more interested in obtaining the matter power spectrum than the gravitational
potential power spectrum, as the matter power spectrum is (almost, as discussed later)
directly observable. We can relate the comoving matter density contrast to the growth
function and the gravitational potential at decoupling by
 m(k, a) =   2k
2
3⌦m0H20
Dm(k, a) d(k), (3.19)
which, in the ⇤CDM case, if we substitute in 3.8, reduces to the Poisson equation, 2.17,
since Dm(a) = D (a).
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Figure 3.4: Gravitational potential power spectrum for ⇤CDM for a = 0.1, 0.7, 1.
From this we obtain an expression for the matter power spectrum
P m(k, a) =
9
25
1
⌦2m0
✓
k
H0
◆4
T 2(k)P P (k)D
2
m(k, a)
=
2⇡2
H30
✓
k
H0
◆n
 2HT
2(k)

Dm(k, a)
D (a = 1)
 2
. (3.20)
In figure 3.5 we see that in the matter power spectrum today, there is a definite sup-
pression in matter overdensity at small scales in ⇤CDM, relative to a matter dominated
universe, as expected. The suppression on small scales for both models comes from the
transfer function, see figure 3.2. The turnover in P m occurs at keq, which depends
on the value of ⌦m0 in ⇤CDM and EdS. Figure 3.6 shows that over time, the matter
overdensity grows. However, there is a much greater di↵erence between a = 0.1 and
a = 0.7, than between a = 0.7 and today, and not just because a = 0.7 is closer to
a = 1. This shows that the growth slows down in the dark energy epoch.
3.2.5 Velocity power spectrum
We have one perturbed variable remaining, namely the peculiar velocity, which we can
also compute the power spectrum for. It is quite complicated in the general case, so we
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Figure 3.5: Matter power spectrum today for ⇤CDM and EdS.
Figure 3.6: Matter power spectrum for ⇤CDM for a = 0.1, 0.7, 1.
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restrict the analysis to ⇤CDM, where Dm(a) = D (a) = D(a). This holds for Einstein
de Sitter too.
From the product rule and the definition of H ⌘ a0/a, the derivative of 3.17 gives
 0 +H  = 9
10
T (k) P (k)
D0(a)
a
. (3.21)
Furthermore, equations 1.73 and 1.6 give us
 0 +H  =  3
2
⌦m0H
2
0a
 1vm . (3.22)
Hence
vm =  3
5
1
⌦m0H20
T (k) P (k)D
0(a). (3.23)
Therefore in order to calculate the peculiar velocity, and hence the velocity power spec-
trum, we need an expression for D0. Since D /  m, we can write second order evolution
equation for the comoving matter density contrast, equation 2.20 as
D(a)00 +HD(a)0   4⇡Ga2⇢D(a) = 0 . (3.24)
Once again, we prefer to integrate with respect to a instead of ⌘, so, dropping the a
dependence in D, this becomes
d2D
da2
+
3
a
✓
1  1
2
⌦m0
H20
H2
a 3
◆
dD
da
  3
2
⌦m0
H20
H2
a 5D = 0 . (3.25)
We can then numerically solve the system
dS
da
=  3
a
S +
3
2
⌦m0[⌦m0a
 3 + 1  ⌦m0] 1(a 4S + a 5D) (3.26)
dD
da
= S. (3.27)
The initial conditions at decoupling are: D(ad) = ad = 10 3, (dD/da)|a=ad = 1 .
So the velocity power spectrum is
Pvm =
9
25
1
⌦2m0H
4
0
P P T
2(k)[D0(a)]2
=
9
25
1
⌦2m0H
2
0
P P T
2(k)a4[⌦m0a
 3 + 1  ⌦m0]
✓
dD
da
◆2
. (3.28)
Figure 3.7 shows the velocity power spectrum for ⇤CDM at a = 0.1, 1 and for EdS today.
In the same way as the matter power spectrum, the velocity power spectrum grows with
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time, but gets suppressed at late times relative to a matter dominated universe. However,
unlike the matter power spectrum, there is no turnover, but there is a change in slope
at keq.
Figure 3.7: The velocity power spectrum in ⇤CDM for di↵erent values of a, compared
to the EdS case, today.
3.2.6 Galaxy power spectrum
We mentioned above that the matter power spectrum is not exactly what is observed.
The problem lies in the fact that only a small percentage of matter, namely baryonic
matter, can actually be seen, while the dark matter, which makes up majority of the
mass, is invisible. The relationship between galaxies and the underlying dark matter
distribution is complex and not properly understood, yet it seems that describing the
galaxy density contrast,  g, as a scale-independent multiple of the matter density con-
trast is a su cient approximation. This factor is called the bias, and is given by
 g ⌘ b m . (3.29)
Therefore the galaxy power spectrum is, quite simply
Pg = b
2P m . (3.30)
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Figure 3.8 shows how the galaxy power spectrum is just a multiple of the underlying
matter power spectrum, for b = 1.5, 2.
Figure 3.8: Galaxy power spectrum for di↵erent values of bias, compared to the
matter power spectrum.
3.3 Redshift-space distortions
The redshift of a galaxy gives an indication of its distance, and hence position in real
space, from the Hubble expansion. However, galaxies also have peculiar velocities due to
their movement towards regions of higher density. Say we observe some galaxies which
lie in a spherical overdense region. Those furthest from us will have a decreased redshift
since they are moving towards us, while those closest to us will have an increased redshift
because they are moving away from us. Those moving transverse to the line of sight
will have no peculiar velocity component along the line of sight, and hence their redshift
will correspond to the Hubble flow only. The net result will be that, in redshift-space,
the overdense region will appear flattened along the line of sight on large scales. This
e↵ect is known as redshift-space distortions (RSD). On small scales, non-linear, ‘finger
of God’, e↵ects come into play, but we do not need to concern ourselves with that.
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The redshift-space galaxy power spectrum is [11], [7], [2]
P zg (k, µ, a) = b
2[1 +  (a)µ2]2P m(k, a), (3.31)
where
 (a) =
f
b
=
1
b
d lnDm(k, a)
d ln a
, (3.32)
and
µ = kˆ · n = cos ✓, (3.33)
where ✓ is the angle between the direction of motion of the galaxy and the line of sight.
The resulting theoretical redshift-space galaxy power spectrum is plotted in figure 3.9.
The greater the component of the peculiar velocity along the line of sight, the higher
the power spectrum.
Figure 3.9: Redshift space galaxy power spectrum for di↵erent values of µ and bias,
compared to the matter power spectrum.
As one can see from equation 3.32, the redshift-space power spectrum depends on the
growth rate, f , and therefore, measuring P zg can give us f . There are two ways to extract
 , and hence f , from the redshift-space power spectrum, as outlined in [9].
Firstly, one can use the ratio of the monopole to the quadrupole of the redshift-space
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power spectrum. The redshift-space power spectrum can be decomposed into multipoles
using an expansion in Legendre polynomials
P z(k, µ) =
X
n even
Pn(µ)P zn(k), (3.34)
where Pn(µ) are the Legendre polynomials, and
P zn(k) ⌘ (2n+ 1)
Z 1
 1
Pn(µ)P z(k, µ)dµ. (3.35)
The even harmonics are then given by (dropping the a-dependence in P and  ),
P z0 (k) =
✓
1 +
2
3
  +
1
5
 2
◆
P (k) (3.36)
P z2 (k) =
✓
4
3
  +
4
7
 2
◆
P (k) (3.37)
P z4 (k) =
8
35
 2P (k). (3.38)
(Note that only even multipoles are nonzero due to the axial symmetry). This gives us
the ratio of the quadrupole to the monopole
P z2 (k)
P z0 (k)
=
4
3  +
4
7 
2
1 + 23  +
1
5 
2
. (3.39)
The second method uses the ratio of the monopole moment of the redshift-space power
spectrum, 3.36, to the real-space power spectrum given by
P z0 (k)
P (k)
= 1 +
2
3
  +
1
5
 2. (3.40)
The advantage of using the first method over the second to determine   is that it uses
redshift-space power spectra only, whereas the second method requires one to assume a
model.
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Dynamical dark energy
So far we have only looked at dark energy described by a constant, ⇤. However, it is
possible that the dark energy density varies with time. In this case we treat dark energy
as a fluid, parameterised by the equation of state, w, and the rest frame speed of sound,
cs. We limit our analysis to consider a time-independent equation of state only. The
equation of state of a fluid is given as
wi =
p¯i
⇢¯i
. (4.1)
Since wm = 0, and radiation is neglected at late times, it is su cient to denote the dark
energy equation of state wx ⌘ w. In order to have accelerated expansion, w <  13 [16].
Recent Planck results give [1]
w =  1.13 +0.13 0.10. (4.2)
The Friedmann equation, 1.56, becomes
H2 = 8⇡G
3
(⇢¯m + ⇢¯x)a
2. (4.3)
Using equation 1.6, this is equivalent to
1 = ⌦m + ⌦x. (4.4)
The evolution of the Hubble rate is then, from equation 1.57
H0 =  H
2
2
(1 + 3w⌦x) , (4.5)
41
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while the energy conservation equations are, from equation 1.46
⇢¯0x + 3H(1 + w)⇢¯x = 0 (4.6)
⇢¯0m + 3H⇢¯m = 0 . (4.7)
The dark energy density parameter then evolves as
⌦0x =  3Hw⌦x (1 + w⌦x) , (4.8)
from which one can obtain the matter density parameter trivially, by equation 4.4.
Recall that ⇤ corresponds to w =  1. When w 6=  1, then dark energy is not a
constant and can be perturbed. These perturbations have a speed of sound given by
c2si =
 pi
 ⇢i
    
rest frame
. (4.9)
The speed of sound can take on a value between 0 and 1, the speed of light. For ⇤
it is undefined (as there are no perturbations to the dark energy in this case). The
speed of sound is gauge dependent, and therefore we choose a gauge in which it is
invariant, namely the rest frame of the dark energy [5]. Because we will be using the
rest frame speed of sound in our evolution equations, we define it as c2sx = c
2
s. The
entropy perturbation gives us the dark energy pressure perturbation in terms of the rest
frame speed of sound [5], [18]
 px = c
2
s ⇢x   3H(1 + w)(c2s   c2a)⇢¯xvx , (4.10)
where c2a is the adiabatic speed of sound defined by
c2a =
p0x
⇢0x
= w   w
0
3H(1 + w) . (4.11)
4.1 Obtaining the di↵erential equations
The perturbed evolution and constraint equations for dynamical dark energy can be
found by substituting 4.1 and 4.10 into equations 1.70 to 1.73. However, we use those
given in [18], rewriting them in our own notation, and with derivatives with respect to
conformal time, ⌘, instead of e-fold, N = ln a, where d/dN = 1/H(d/d⌘). Note that in
[18] the metric is defined such that our   has the opposite sign to their  . Furthermore,
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they define the following quantity for the velocity potentials:
✓i ⌘ r
2vi
aH
=
 k2vi
aH
(i = x,m). (4.12)
The perturbation di↵erential equations in the longitudinal gauge are then
 0 +H  =  3
2
H2 [⌦mvm + (1 + w)⌦xvx] (4.13)
 0m = k
2vm + 3 
0 (4.14)
v0m =  Hvm     (4.15)
 0x + 3H(c2s   w) x = 3(1 + w) 0 + (1 + w)
⇥
k2 + 9H2(c2s   c2a)
⇤
vx (4.16)
v0x =    H(1  3c2s)vx  
c2s
1 + w
 x. (4.17)
Firstly, and most importantly, we want to rewrite the equations in terms of the rest
frame gauge-invariant density perturbations,  i ( ˆi in [18]), instead of the longitudinal
gauge density contrast,  i, which only behaves like  i on small scales, where
 m =  m   3aHvm , (4.18)
and
 x =  x   3aH(1 + w)vx =  x   3aE(1 + w)ux . (4.19)
The Poisson equation is
 
✓
k
aH
◆2
  =
3
2
(⌦m m + ⌦x x) . (4.20)
As in chapter 2, we wish to write our di↵erential equations in dimensionless form, and
independent of  d(k), so we use the following dimensionless variables:
  = | d|g  (4.21)
um = H0vm = | d|gum (4.22)
ux = H0vx = | d|gux (4.23)
 m = | d|g m (4.24)
 x = | d|g x . (4.25)
As an example of how to obtain the di↵erential equations below, we outline the steps
taken to obtain equation 4.33 starting with equation 4.14, and rewriting the derivative
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d/d⌘ = aH(d/da),
aHd m
da
= 3aHd 
da
+ k2vm . (4.26)
Substituting from equation 4.18,
d
da
( m + 3aEum) = 3
d 
da
+
l2um
a2E
, (4.27)
and applying the product rule and dividing through by | d| gives
dg m
da
=  3agum
dE
da
  3aEdgum
da
+ 3
dg 
da
+
l2gum
a2E
. (4.28)
Now all that remains is to substitute in equations 4.29, 4.31 and 4.32, and to cancel
or arrange like terms, in order to obtain equation 4.33. The same method was used to
obtain the other di↵erential equations. The only additional substitution, used to obtain
equation 4.35, was the expression for the adiabatic speed of sound, 4.11, which resulted
in w0 terms conveniently cancelling one another out. The system of di↵erential equations
are:
dE
da
=  3
2
E
a
(1 + w⌦x) (4.29)
d⌦x
da
=  3w⌦x (1  ⌦x) a 1 (4.30)
dg 
da
=  a 1g    32E [(1  ⌦x) gum + (1 + w)⌦xgux ] (4.31)
dgum
da
=  a 1gum  
1
a2E
g  (4.32)
dg m
da
=
9
2
E(1 + w)⌦x [gum   gux ] +
l2
a2E
gum (4.33)
dgux
da
=  a 1gux  
1
a2E

c2s
1 + w
g x + g 
 
(4.34)
dg x
da
=
3
a
wg x + (1 + w)
l2
a2E
gux +
9
2
E(1 + w)(1  ⌦x)(gux   gum) . (4.35)
4.2 Initial conditions
4.2.1 Background initial conditions
The continuity equations, when integrated (treating w as a constant), give:
⇢¯m = ⇢¯m0a
 3, ⇢¯x = ⇢¯x0a 3(1+w). (4.36)
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Substituting these into equation 4.3 gives:
Ed =
q
(1  ⌦m0)a 3(1+w)d + ⌦m0a 3d . (4.37)
From 1.6 and 4.36
⌦m =
8⇡G⇢¯m0
3H20a
3
H20
H2
= ⌦m0a
 3E 2, (4.38)
giving,
⌦xd = 1  ⌦md = 1  ⌦m0a 3d E 2d . (4.39)
4.2.2 Perturbation initial conditions
By definition:
g d =  1 . (4.40)
In order to determine the initial conditions for the matter and dark energy perturbations,
we need to assume some conditions. We choose to assume adiabatic initial conditions.
In general, the entropy perturbation between two fluids A and B is defined as:
SAB ⌘  A1 + wA  
 B
1 + wB
. (4.41)
Therefore the entropy perturbation between matter and dark energy, with the only
non-zero equation of state corresponding to the dark energy is:
Smx =  m    x
1 + w
. (4.42)
Since entropy and adiabatic perturbations are orthogonal, in order to impose purely
adiabatic initial conditions, we require both Smx = 0 and S0mx = 0, giving:
 x = (1 + w) m , (4.43)
and
 0x = (1 + w) 
0
m + w
0 m . (4.44)
Furthermore, we know that at decoupling, the universe is approximately Einstein de
Sitter, so we can impose that  0d = 0. This results in 4.13 becoming
 d =  32adEd [(1  ⌦xd)umd + (1 + w)⌦xduxd] , (4.45)
while 4.14 becomes
 0md = k
2vmd, (4.46)
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and equation 4.16 becomes,
 0xd + 3adHd(c
2
s   w) xd = (1 + w)
⇥
k2 + 9(adHd)
2(c2s   c2a)
⇤
vxd . (4.47)
Substituting 4.18 and 4.19 into 4.43 (henceforth dropping subscript d) gives
 x = (1 + w) m   3aE(1 + w)(ux   um). (4.48)
Next we substitute 4.11 and 4.46 into 4.44 to obtain
 0x = k
2vm(1 + w) + 3aH(w   c2a)(1 + w) m, (4.49)
which we then substitute into 4.47 to obtain
ux   um = 3aE
l2
(c2s   c2a)
(1 + w)
 x . (4.50)
We can now substitute 4.50 into 4.48 to obtain
 m =
 x
(1 + w)

1 + 9
a2E2
l2
(c2s   c2a)
 
. (4.51)
Finally we can substitute this into 4.20 to obtain
g xd =
2l4(1 + w)
3a2E2 [l2(1 + w⌦x) + 9a2E2(1  ⌦x)(c2s   c2a)]
. (4.52)
Plugging this back into 4.20 gives
g md =
2l2
⇥
l2 + 9a2E2(c2s   c2a)
⇤
3a2E2 [l2(1 + w⌦x) + 9a2E2(1  ⌦x)(c2s   c2a)]
. (4.53)
Substituting 4.52 into 4.50
ux = um   2l
2(c2s   c2a) 
aE [l2(1 + w⌦x) + 9a2E2(1  ⌦x)(c2s   c2a)]
, (4.54)
and then substituting this into 4.45 gives
gumd =
2
3aE
24 l2(1 + w⌦x)(1  3c2s + 3c2a) + 3(1  ⌦x)(l2 + 3a2E2)(c2s   c2a)
(1 + w⌦x) [l2(1 + w⌦x) + 9a2E2(1  ⌦x)(c2s   c2a)]
35 . (4.55)
And finally, we substitute 4.55 back into 4.54 to obtain
guxd =
2
3aE
24 l2(1 + w⌦x) + 3(1  ⌦x)(l2 + 3a2E2)(c2s   c2a)
(1 + w⌦x) [l2(1 + w⌦x) + 9a2E2(1  ⌦x)(c2s   c2a)]
35 . (4.56)
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4.3 Results of numerical integration
As one can see from equations 4.29 and 4.30, only the equation of state, and not the
speed of sound comes into e↵ect in the background. So we plot the background variables
for ⇤CDM, and for the constant equations of state w =  0.9, 0.7, 0.5. These values
of w lie outside the 95% confidence limit of Planck quoted in equation 4.2, however, they
serve to illustrate the e↵ect of the equation of state on cosmological variables. Figure
4.1 shows the dimensionless Hubble rate, E, as a function of scale factor, a, from a = 0.1
to today, for these di↵erent equations of state. It is clear, from the slope of E, that the
less negative w, the smaller the late-time acceleration, so w cannot be far from  1, as a
model with an equation of state very di↵erent to ⇤CDM will not match observations.
Figure 4.1: Dimensionless Hubble rate as a function of scale factor, from a = 0.1 to
today, for di↵erent DE equations of state, and ⇤CDM.
Figures 4.2 and 4.3 show the fractional matter and dark energy densities respectively. As
one can see, the less negative the equation of state, the more gradual the transition from
matter to dark energy domination, hence the earlier dark energy becomes significant.
This is further evidence for a more negative equation of state, close to w =  1, as
observations point to dark energy becoming significant at late times only.
The perturbations, however, are not only a↵ected by the equation of state, but also
by the speed of sound. Furthermore, perturbations are also a↵ected by scale, unlike in
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Figure 4.2: Fractional matter density, as a function of scale factor, for di↵erent DE
equations of state, and ⇤CDM.
Figure 4.3: Fractional dark energy density, as a function of scale factor, for di↵erent
DE equations of state, and ⇤CDM.
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⇤CDM. In figures 4.4 and 4.5, we see  / (⇤CDM) plotted for super-Hubble, l = 0.1,
and sub-Hubble, l = 10, respectively. Note that we use the same H0 and ⌦m0 values
for both the ⇤CDM and the dynamical dark energy models. Each equation of state
w =  0.8, 0.9, 0.999, 1.1 is a di↵erent colour, with a solid line corresponding to
c2s = 1, the dot-dashed line to c
2
s = 0.1, the dashed line to c
2
s = 0.01, and the dotted line
to c2s = 0. One can clearly see that for super-Hubble scales,   is independent of speed
of sound. Furthermore the less negative the equation of state, the more  / (⇤CDM) is
suppressed, before growing steeply and ending up with a greater  / (⇤CDM) than for
more negative w (this behaviour is inverted for w <  1). For sub-Hubble scales, one can
see the same behaviour of  / (⇤CDM) as for super-Hubble scales, except that there
is also a c2s dependence a↵ecting  / (⇤CDM) in two ways. Firstly the smaller c
2
s, the
less  / (⇤CDM) is suppressed, and secondly, the larger c2s, the later the turnaround
occurs, so that for c2s = 1 the turnaround is only taking place today.
Figure 4.4:  / (⇤CDM) for super-Hubble, l = 0.1. Each colour corresponds to a
di↵erent equation of state, while each line style corresponds to a di↵erent speed of
sound.
In figures 4.6 and 4.7, one can see that the matter peculiar velocity potentials, um/um(⇤CDM)
are almost identical on super-Hubble and sub-Hubble scales, except on sub-Hubble scales
a larger speed of sound results in a smaller um/um(⇤CDM) (for w <  1, the opposite
is true). On all scales a less negative equation of state suppresses the matter velocity.
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Figure 4.5:  / (⇤CDM) for sub-Hubble, l = 10. Each colour corresponds to a
di↵erent equation of state, while each line style corresponds to a di↵erent speed of
sound.
w =  0.999 is approximately ⇤CDM, and this shows that w close to  1 overwhelms the
e↵ect of c2s.
Interestingly enough, in figures 4.8 and 4.9, one can see that c2s has a larger e↵ect on
 m/ m(⇤CDM) on super-Hubble scales than on sub-Hubble scales. On super-Hubble
scales,  m behaves more like ⇤CDM for c2s = 1 than on sub-Hubble scales. For w >  1,
 m is more suppressed for c2s 6= 0 on super-Hubble scales, and on all scales,  m is more
suppressed for less negative w.
Where the speed of sound really comes into e↵ect is when we look at the perturbations
to dark energy, especially on small scales. When c2s < 1, dark energy clusters on sub-
Hubble scales, as we can see in figures 4.10 and 4.11. On super-Hubble scales there is an
equation of state dependence, but on sub-Hubble scales, the speed of sound dependence
is dominant. The smaller the speed of sound, the larger the clustering of dark energy.
Furthermore, the larger the speed of sound, the earlier ux peaks, suggesting that a
smaller speed of sound allows for a greater clustering limit.
This clustering of dark energy is also evident in figures 4.12 and 4.13. Here too we see
far greater clustering on sub-Hubble scales for c2s < 1, as well as peaks occuring lower,
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Figure 4.6: um/um(⇤CDM) for super-Hubble, l = 0.1. Each colour corresponds to
a di↵erent equation of state, while each line style corresponds to a di↵erent speed of
sound.
and earlier for larger c2s. However, while ux is smaller for larger (less negative) w,  x is
larger for greater w.
Finally, in figures 4.14 and 4.15 we can see that at very small scales, dark energy free
streams below the Jeans scale set by cs. The acoustic oscillations arise when dark energy
pressure balances gravitational infall.
4.4 Growth, power spectra and redshift-space distortions
In figures 4.16 and 4.17 we show the growth rate, normalized with the ⇤CDM growth
rate, f/f(⇤CDM), for super-Hubble and sub-Hubble modes respectively. It is clear that
on all scales, the less negative the equation of state, the more the growth of matter
is suppressed relative to ⇤CDM, before growing steeply and ending up with the same
or greater growth than ⇤CDM. However, on super-Hubble scales, models with c2s 6= 1
experience much more suppression than c2s = 1, whereas in the sub-Hubble case, they
actually experience slightly less suppression than c2s = 1.
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Figure 4.7: um/um(⇤CDM) for sub-Hubble, l = 10. Each colour corresponds to
a di↵erent equation of state, while each line style corresponds to a di↵erent speed of
sound.
In section 3.1 we mentioned that the actual value measured by observations is f 8, where
 8 is given by equation 3.5. Figures 4.18 and 4.19 show f 8 against redshift, z, for super-
and sub-Hubble modes respectively. If we compare these to figure 4.20, which is figure
(3) from [17], which shows f 8 from current RSD measurements, as well as some of the
equations of state in figures 4.18 and 4.19, for c2s = 1, we see that current growth rate
observations are not yet accurate enough to distinguish between models with di↵erent
w and c2s.
It is interesting to mention that there is a relationship between f and ⌦m, parameterised
by the growth index,  , such that
f(z) = ⌦m(z)
  . (4.57)
In ⇤CDM,   = 0.55 [12]. Thus the slope of a f against ⌦m on a log plot should
correspond to  . Figures 4.21 and 4.22 show exactly this, at z = 0, for super-Hubble
and sub-Hubble modes respectively. For all modes, there is a constant slope, indicating
that 4.57 holds, today at least, for various values of w and c2s. On sub-Hubble scales,
the slope is nearly coincident with that of ⇤CDM, while for super-Hubble scales,   is
smaller for less negative w. The values of   for a range of redshifts can be seen in figures
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Figure 4.8:  m/ m(⇤CDM) for super-Hubble, l = 0.1. Each colour corresponds to
a di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.9:  m/ m(⇤CDM) for sub-Hubble, l = 10. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.10: ux/| d| for super-Hubble, l = 0.1. Each colour corresponds to a di↵erent
equation of state, while each line style corresponds to a di↵erent speed of sound.
Figure 4.11: ux/| d| for sub-Hubble, l = 10. Each colour corresponds to a di↵erent
equation of state, while each line style corresponds to a di↵erent speed of sound.
 
 
 
 
Chapter 4. Dynamical dark energy 55
Figure 4.12:  x/| d| for super-Hubble, l = 0.1. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.13:  x/| d| for sub-Hubble, l = 10. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.14: ux/| d| for w =  0.9 and l = 0.1, 10, 100.
Figure 4.15:  x/| d| for w =  0.9 and l = 0.1, 10, 100.
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Figure 4.16: f/f(⇤CDM) for super-Hubble, l = 0.1. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.17: f/f(⇤CDM) for sub-Hubble, l = 10. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
 
 
 
 
Chapter 4. Dynamical dark energy 58
Figure 4.18: f 8 vs z for super-Hubble, l = 0.1. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.19: f 8 vs z for sub-Hubble, l = 10. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.20: Figure (3) from [17] “Evolution of f 8 versus z for the models with c2s = 1
and (a) w =  1.2, (b) w =  1, (c) w =  0.8, (d) w =  0.6, (e) w =  0.4, respectively.
The solid lines correspond to the numerically integrated solutions, whereas the bold
dashed lines are derived from the analytic estimation with the 10-th order terms of cn.
We also show the current RSD data.”
4.23 and 4.24. Even for ⇤CDM,   varies by about a percent at di↵erent redshifts, but
is approximately constant. On small scales   is roughly constant for di↵erent values of
w and cs, although   < 0.55 by a few percent for c2s < 1. On large scales there is more
variation in   for di↵erent values of w, especially when c2s = 1.
Figure 4.25 shows the growth rate today, against k, in a sub-Hubble range. It is inter-
esting to note that for c2s = 0, the growth rate is scale independent, and roughly the
same value as the corresponding w’s growth rate at larger scales, which is greater for less
negative w. However, at smaller scales, the less negative the w, the less the growth rate,
for c2s 6= 0. The scale at which f drops from greater than ⇤CDM to less than ⇤CDM
depends on the speed of sound, occuring at smaller scales, the smaller the value of c2s.
The matter power spectrum today is plotted against k in figure 4.26. When c2s = 1, the
matter power spectrum is virtually the same for di↵erent values of w. For c2s = 0, there
 
 
 
 
Chapter 4. Dynamical dark energy 60
Figure 4.21: f vs ⌦m for super-Hubble, l = 0.1. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.22: f vs ⌦m for sub-Hubble, l = 10. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.23:   vs z for super-Hubble, l = 0.1. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.24:   vs z for sub-Hubble, l = 10. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.25: f vs k at z = 0. Each colour corresponds to a di↵erent equation of state,
while line style corresponds to a di↵erent speed of sound.
is a shift in Pm for di↵erent values of w, becoming smaller for less negative w. For the
other values of c2s, the power spectrum at large scales is smaller for less negative w, but
as the scales get smaller, the power spectrum increases to lie coincident with the ⇤CDM
case. So if c2s 6= 0, the power spectrum is not useful to distinguish between di↵erent
values of w.
Figure 4.27 shows the matter power spectrum normalized with that of ⇤CDM. Here we
can see that there is in fact a few percent di↵erence in the di↵erent values of w for c2s = 1
at larger scales.
In section 3.3, we gave an expression for the ratio of the quadrupole moment to the
monopole moment of the matter power spectrum, equation 3.39. We have plotted this
for   = 1.5 in figure 4.28, for today. This figure is almost identical to figure 4.25, the
growth function today, apart from a scaling di↵erence. This shows how e↵ective this
ratio is at extracting the growth function, f , from the power spectrum. Clearly, the  
term dominates in 3.39.
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Figure 4.26: Pm[h 3Mpc3] vs k[hMpc 1] at z = 0. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
Figure 4.27: Pm/Pm(⇤CDM) vs k[Mpc
 1] at z = 0. Each colour corresponds to a
di↵erent equation of state, while line style corresponds to a di↵erent speed of sound.
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Figure 4.28: P (2)m /P
(0)
m vs k[Mpc
 1] at z = 0. Each colour corresponds to a di↵erent
equation of state, while line style corresponds to a di↵erent speed of sound.
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Conclusion
Starting with the premise that the universe is homogeneous and isotropic, we try to
account for the accelerated expansion of the universe at late times. We limit our anal-
ysis to the period after decoupling, when there is a negligible amount of radiation, and
the universe evolves from matter domination to ⇠ 30% dark and baryonic matter, and
⇠ 70% dark energy today. Dark energy is a fluid with negative pressure, standardly
described by a cosmological constant, ⇤, but we also look at one of many alternative
models to ⇤CDM, where dark energy not a constant, but parameterised by an equation
of state, w, and the (rest frame) speed of sound, c2s.
We start by observing how dark energy a↵ects the background. Figure 1.2 shows how
⇤ causes a late time increase in the Hubble rate, while figure 1.3 shows how the dark
energy density becomes dominant due to the decrease in matter density.
Next we look at how first order scalar perturbations about the smooth background
account for the structure we see today, where the initial fluctuations come from infla-
tion. In order to do so we first evaluate the energy-momentum and Einstein tensors,
before obtaining evolution equations from the Einstein field equations. Working in the
longitudinal gauge, and recasting the variables to be dimensionless, we can easily in-
tegrate these di↵erential equations numerically to obtain plots of the background and
perturbed quantities.
Figure 2.2 shows how ⇤ boosts the gravitational potential,  . The fact that there
is a maximum radius of causal connection, the Hubble radius, is evident in figure 2.3,
where  m grows on sub-Hubble scales but is frozen outside the Hubble sphere. In this
figure, as well as figure 2.4, the late-time suppression in the clumping of matter due to
⇤ can also be seen. In figure 2.5 we can see how inaccurate it is to approximate the
65
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comoving matter density contrast,  m, as  m on large scales.  m has the same shape
on all scales (albeit di↵erent amplitudes), while  m behaves very di↵erently at di↵erent
scales.
We wish to relate our variables from theory to observables, in order to constrain a
model for dark energy from future surveys. We see in figure 3.1 that the growth rate of
matter, f , is suppressed by the accelerated expansion of the universe due to dark energy,
making f a good observable for testing dark energy models.
Since f can be obtained from the power spectrum, we show how the transfer function
is used to evolve the primordial power spectrum of   from inflation, through equality,
to decoupling. The growth function can then be used to determine the gravitational
potential power spectrum at late times (figures 3.3 and 3.4), while the Poisson equation
gives us the matter power spectrum from P . The significance of whether or not a mode
was inside the Hubble sphere during radiation domination can be seen in figures 3.5 and
3.6. The peak corresponds to keq, as the longer a mode was in the Hubble sphere before
equality, the more the mode is suppressed. One can see a further suppression relative to
EdS, where ⇤ causes suppression of growth at small scales. The velocity power spectrum
grows over time, as evident in figure 3.7, and is suppressed on all scales relative to EdS,
but more so on small scales.
We relate the galaxy power spectrum, figure 3.8, to the underlying dark matter power
spectrum through the bias, so accurately determining the bias is crucial for constraining
the growth rate, and a major reason why the accuracy of f is still low.
Figure 3.9 illustrates how the motions of galaxies toward one another due to clustering
causes redshift-space distortions in the power spectrum, but this turns out to be a useful
tool to extract the the growth rate, f , by using the ratio of the quadrupole moment to
the monopole moment of the redshift-space galaxy power spectrum.
In our phenomenological parameterisation of dark energy, with time-independent w
and c2s, dark energy is also perturbed and can thus also be described by a comoving
density contrast,  x, and a peculiar velocity, vx. We give the dimensionless di↵erential
equations describing the evolution of matter and dark energy perturbations, and observe
what e↵ect the equation of state and speed of sound has on the matter and dark energy.
The background quantities do not depend on c2s, but only on w. We can see in fig-
ures 4.1, 4.2 and 4.3 that the background values are quite sensitive to w, indicating that
w cannot be far from  1. The perturbations are a↵ected by c2s, and when c2s < 1, dark
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energy clusters on small scales.
The matter perturbations are a↵ected more by w than c2s, due mainly to their de-
pendence on the background values, and then only by a few percent, as can be seen
in figures 4.6 to 4.9. Because c2s 6= 1 allows for the clustering of dark energy, we see a
marked e↵ect of c2s on dark energy perturbations on small scales, while on large scales
the e↵ect of w is more dominant, as evident in figures 4.10 to 4.13.
From the Poisson equation we can deduce that   depends on  m until dark energy
comes into e↵ect at late times, where  x contributes up to ⇠ 10% of  . This explains
the di↵erence in behaviour of   on large and small scales at late times, seen in figures
4.4 and 4.5 respectively.
What is interesting about the growth rate for these dynamical dark energy models,
is that at about a ⇠ 0.5   0.6, it is suppressed relative to ⇤CDM, after which it grows
again to match or be greater than that of ⇤CDM. On small scales in figure 4.16, f is
more dependent on w, while on large scales, it depends more on c2s. This same behaviour
can be seen in the measured observable f 8, as shown in figures 4.18 and 4.19. In figure
4.20 we see how these models cannot be constrained by current redshift-space distortion
measurements of f 8.
Figures 4.21 to 4.24 show how the approximation 4.57 holds for di↵erent values of w
and c2s, although the value of   varies slightly on large scales.
The matter power spectrum is much more dependent on c2s than on w, as seen in figures
4.26 and 4.27, where it di↵ers from ⇤CDM on small scales only for c2s = 0. Clearly
the matter power spectrum is not directly useful for distinguishing between the di↵er-
ent models. However, the ratio of the redshift-space quadrupole moment to monopole
moment of the galaxy power spectrum does a better job of distinguishing between mod-
els with di↵erent w and c2s, as can be seen in figure 4.28. The similarity between this
and figure 4.25, shows how the growth rate, f , is embedded in the redshift-space power
spectrum.
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